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A system of smooth “frozen” Janus-type disks is studied. Such disks cannot rotate and are divided
by their diameter into two sides of different inelasticities. Taking as a reference a system of colored
elastic disks, we find differences in the behavior of the collisions once the anisotropy is included. A
homogeneous state, akin to the homogeneous cooling state of granular gases, is seen to arise and
the singular behavior of both the collisions and the precollisional correlations are highlighted.
I. INTRODUCTION
Janus particles are characterized by presenting two or
more different properties on their surfaces. Due to the
fact that such properties allow them to have different
composition and functionality [1], Janus particles offer
a variety of potential applications such as drug design,
biomarkers, bactericides and many others [2]. During
the past few years, theoretical and experimental studies
on Janus particles, as well as on their synthesis, have
represented a major challenge for the scientific commu-
nity (see, for instance, Refs. [3–8]). Most studies have
focused their attention on equilibrium systems and the
study of their phase behavior [9]. On the other hand,
from a nonequilibrium perspective, only colloidal parti-
cles interacting in a solvent have been considered, thus
accounting for hydrodynamic interactions but neglecting
the particles’ inertia [3, 5–8].
It is interesting to point out that, with the proper ad-
justment of the parameters, a system of Janus particles
embodies analogies with the so-called ‘microswimmers’,
which are the prototype systems of active matter [9, 10].
These swimmers, which constitute presently a ‘hot’ and
highly attractive research topic within statistical physics,
are capable of self-propelling without any external energy
input. Janus particles may also be employed to investi-
gate melting and appearance of nematic phases in disks
with simple inhomogeneous properties as is the case of
the discotic liquid crystals [11]. The previous background
serves as a motivation for the present study. Our aim is
to consider a dilute or moderately dilute fluid of 2 dimen-
sional Janus particles (disks) in which these collide obey-
ing a collision rule that reflects their asymmetry, namely,
a rule in which nonhomogeneous restitution coefficients
are incorporated.
Among the tools that are available to study the physi-
cal properties of fluid systems, computational simulation
techniques occupy a prominent place [12, 13]. Perhaps
one of the most popular ones is molecular dynamics (MD)
and, in the case of the less dense systems, Monte Carlo
(MC) simulations of either the corresponding Boltzmann
or Enskog equation. Such techniques have proven to be
useful not only in the analysis of a variety of transport
problems in classical fluids [12–14] but also in the suc-
cessful description of the behavior of complex fluid sys-
tems and granular media [12, 15, 16]. In the context of
this paper, a granular medium should be understood as a
system composed of a huge number of particles of meso-
scopic size that have mutual inelastic collisions. That
is, the particles loose kinetic energy when they collide
[17, 18]. This loss of kinetic energy is in turn absorbed
by the internal degrees of freedom of the particles of the
material medium, such degrees of freedom being totally
uncoupled to the dynamics of the mesoscopic particles.
Given the intrinsic characteristics of these systems, a con-
venient way to study their physical behavior is through
MD simulations, in which the (event-driven) algorithms
[19] are adjusted to account for the fact that the collisions
are inelastic. With such an approach, it has been possible
to correctly describe laminar flow problems, instabilities,
phase transitions, statistical correlations, diffusion, segre-
gation and other phenomena occurring in granular media
[17, 18]. Furthermore, in the case of low and moderate
densities, a number of papers have demonstrated that
the single-particle time-dependent velocity distribution
function obeys either the Boltzmann or Enskog kinetic
equations [17]. The fundamental ingredient behind both
equations is the stosszahlansatz or molecular chaos as-
sumption. It should be stressed that kinetic theory has
proven to be a very accurate and powerful tool to inves-
tigate dilute granular gases made of isotropic particles
[20, 21]. Moreover, the use of the direct MC simulation
(DSMC) method has also been successfully applied in
the case of granular media [17, 18, 22, 23]. In fact, two
of us have contributed [24–26] to the simulation, using
either MD or DSMC, of some transport problems in di-
lute granular gases, including the segregation of granular
intruders immersed in a granular gas of rough spheres
[25], a system which has received substantial recent at-
tention in the literature [27, 28]. The aim of this paper is
to profit from the analogies between granular media and
media composed by anisotropic Janus-like particles and
the computational techniques that have been employed
to describe the physical properties of the former to study
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The paper is organised as follows. In order to have
a proper perspective, in Section II we provide a brief
description of the main results stemming out of the ki-
netic theory of a dilute gas of inelastic isotropic granular
disks, including the so-called homogeneous cooling state
(HCS). In Section III we characterize our system and
the collision rule for Janus-like granular disks, where we
consider varying values of the coefficients of restitution
corresponding to both sides of the 2D particles and, in
Section IV, we report our findings from numerical exper-
iments, involving velocity distribution functions, energy
time evolution, cooling rates and kurtosis. We close the
paper in Section V with some concluding remarks.
II. THE HOMOGENEOUS COOLING STATE OF
A DILUTE GAS OF ISOTROPIC GRANULAR
DISKS
We begin by considering a system of N smooth inelas-
tic hard disks, of mass m = 1 and diameter σ = 1. The
interaction between disks is characterized by the rule:
v∗i = vi −
1 + α
2
(g · σ̂)σ̂ ,
v∗j = vj +
1 + α
2
(g · σ̂)σ̂ , (1)
where we have introduced the constant coefficient of nor-
mal restitution α, the asterisks denoting velocities after
the collision, g = vi − vj being the relative velocity, and
σ̂ a unit vector joining the centers of particles i and j at
contact.
The appearance of the restitution coefficient α ac-
counts for the loss of energy of particles i, j after the
collision. Note that α ≤ 1, and that the value α = 1
would correspond to elastic collisions.
The equation that properly describes this system is the
Boltzmann equation of a system of freely evolving hard
disks, which reads [29, 30](
∂
∂t
+ v · ∇
)
f(r,v, t) = CB [r,v|f(r,v, t)] , (2)
with f(r,v, t) denoting the single-disk velocity distribu-
tion function and CB the inelastic Boltzmann collision
operator, namely
CB [r,v|f(r,v, t)] =∫
dv1
∫
dσ̂ θ(g · σ̂)(g · σ̂)(α−2b−1 − 1)f(r,v, t)f(r,v1, t) ,
(3)
θ is the Heaviside step function and b−1 an operator
transforming velocities v and v1 to its right into their
precollisional values. As it occurs in the purely elas-
tic case, the derivation of this equation is based on the
molecular chaos hypothesis. This means that the two-
disks distribution function may be factorised in the prec-
ollisional disks as f (2)(x1,x2, t) = f(x1, t)f(x2, t), where
xi ≡ {ri,vi}.
It is well known that when a system of inelastic parti-
cles such as the one described above is allowed to evolve
freely, it reaches a homogeneous state with no fluxes or
gradients, namely, the homogeneous cooling state. Such
state is characterised by a single macroscopic variable,
specifically the temperature T (t), defined as proportional
to the average kinetic energy. This variable evolves ac-
cording to the so called Haff’s law [31],
T (t) =
T (0)(
1 +
t
t0
)2 (4)
where t0 is the time characterizing the energy decay.
In the HCS, the Boltzmann equation admits a solution
f(v, t) that obeys the scaling law [29, 30, 32]
f(v, t) =
nH
v0(t)2
$
(
v
v0(t)
)
, (5)
where nH is the homogeneous density, and v0 =
√
2kBT
is the thermal velocity of the system, kB being the Boltz-
mann constant. Note that for the time evolution of the
system, the relevant hydrodynamic field is the temper-
ature, which corresponds to the second moment of the
velocity, namely 〈v2〉. On the other hand the function
$, which follows from the Boltzmann equation, is given
by
$(c) = pie−c
2∑
j≥0
ajS
(j)(c2) , c =
v
v0
(6)
where S(j) are the Sonine polynomials, whose expressions
can be found in [32].
In our case the relevant coefficient is a2, which is re-
lated to the kurtosis of the velocity distribution function,
that is
a2 =
1
2
[ 〈v4〉
〈v2〉2 − 2
]
. (7)
It should be stressed that a2 is very small, which means
that the function $ is very close to the Gaussian dis-
tribution [29]. The non-Gaussianity is reflected in the
exponential tails.
The expression for t0 may be obtained from the Boltz-
mann equation [33], and reads:
t−10 '
1
2
(1− α2) (kBpiT (0))1/2 nH . (8)
To close this section, and for later purposes, it is conve-
nient to express Haff’s law in terms of the average number
of collisions per particle, τ , that is:
T (τ) = T (0)e−(1−α
2)τ , (9)
which, interestingly, states that the kinetic energy decays
exponentially with the number of collisions.
3III. THE ANISOTROPIC JANUS-LIKE DISKS
CASE
Let us consider now a set of N smooth anisotropic
disks. Each disk comprises two parts of equal size on each
side of its diameter, which are characterized by a value
of the coefficient of restitution. Such values may be the
same or different for both sides and either equal to one,
less than one or greater than one. The disks may collide
with one another in three different forms depending on
which side of each disk takes part in the collision. A
schematic representation of the collision is depicted in
Fig. 1 and the applicable collision rule is the following
v′1 = v1 +
1 + α1 (s1, s2)
2
σ̂ (g · σ̂) ,
v′2 = v2 +
1 + α2 (s1, s2)
2
σ̂ (g · σ̂) . (10)
Here, v′i indicates postcollisional velocities, g = v1 − v2,
σ̂ =
r1 − r2
|r1 − r2| and α1 (s1, s2) and α2 (s1, s2) are the coef-
ficients of restitution which, as stated above, depend on
the orientation of the particles at the time of the collision
as given by the vectors s1 and s2. Such vectors are as-
signed to each of the N particles in a direction randomly
distributed and perpendicular to the diameter delimiting
the two (different) sides.
The dependence on αi (s1, s2) may be parameterized
by labeling with colors, W and B, the “white” and
“black” sides, respectively, as follows
s1 · σ̂ ≥ 0→ disk 1 side W (11)
s1 · σ̂ < 0→ disk 1 side B (12)
s2 · σ̂ < 0→ disk 2 side W (13)
s2 · σ̂ ≥ 0→ disk 2 side B (14)
An “event-driven” molecular dynamics algorithm has
been developed to analyze the time evolution of such a
σ
s2	  
s1	  
FIG. 1. Schematic representation of the collision between two
Janus particles in a dilute fluid; different halves are color-
coded as “black” and “white”. Vectors s1 and s2 are perpen-
dicular to the diameter defining both sides.
system. We have taken a square box with N disks, whose
diameter is σ, and a given number density ρ, which de-
termines the size of the box. We have considered N = k2
for some k ∈ N and divided the box into N square cells.
Initially, the disks are centrally placed in the cells and
are assigned a random velocity that follows a Maxwell-
Boltzmann distribution; then they are made to elasti-
cally collide with each other until an equilibrium state is
reached. After such a transient period, an anisotropy vec-
tor si, whose direction is distributed uniformly in the in-
terval [0, 2pi[, is assigned to each disk. Once this has been
done, the disks start to collide following the collision rules
(10). Of course, the coefficients of restitution αBB , αWW ,
αBW and αWB , where the subindices state the sides at
contact during the collision, may be freely chosen. In par-
ticular, we have defined αWB = αBW =
αBB + αWW
2
.
The outcome of our simulations comprises the mea-
surement of the velocity distribution functions for the
particles, the time evolution of the energy and the kurto-
sis. Furthermore, we are also able to evaluate the fraction
of each type of collision (and hence measure the precol-
lisional correlations), the time evolution of the different
temperatures present in the system and the cooling rates
for each type of collision.
IV. RESULTS
For the sake of having some reference values for later
comparison with the collisional dynamics of our system
of interest, and since, to the best of our knowledge, there
are no previous studies in the literature of elastic colored
disks, we begin with the fully elastic case. In this in-
stance we have considered a system of 1225 disks with
a number density of 0.01 and taken an average over 180
trajectories. We have taken systems with a fixed value
of the coefficient of restitution αBB (namely, αBB = 0.9
and αBB = 0.98) and for such systems then we have var-
ied the value of αWW in the range [0.65, 1.0]. In Fig. 2
we display the time evolution of the temperature, time
being measured as collisions per particle. In this figure,
averages over the particles and trajectories have been per-
formed. The system obeys Haff’s law, as seen from the
exponential decay.
This fact is more evident in Fig. 3, where straight lines
of the form T (t) = T (0)
(
1 + tt0
)−2
are obtained for
αBB = 0.90 and different values of αWW . In Fig. 4 we
present the values of t−10 derived from the fit of the lines
in Fig. 3 together with the cooling rates that have been
measured directly and the Gaussian approximation for
the value of t−10 .
A remarkable feature present in our system is the fact
that, when it comes to collisions of sides of the same
color, there are more collisions of one color than of the
other. In order to quantify this effect, we have measured
the fraction of each type of single-color collision with re-
spect to the total number of collisions that occur in the
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FIG. 2. Temperature vs number of collisions per particle, τ ,
for αBB = 0.9 (top panel) and αBB = 0.98 (bottom panel)
for different values of αWW in the interval [0.6, 1.0].
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FIG. 3. Haff’s law for systems with αBB = 0.90 and different
values of αWW . The slopes of the straight lines decrease as
αWW increases.
system all along its evolution. We find that the more
inelastic one color is the more collisions of this type take
place. Further, and somewhat surprisingly, this number
depends only on the difference between the elasticities of
the sides, as observed in Fig. 5. This leads us to suggest
that different temperatures of the disks in our system
may arise depending on the color of their previous colli-
f
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0,2
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0,8
Cx
dT/dt
n
T 3/2
2 t−10
Gaussian Approx.
FIG. 4. Values of the total cooling rates for αBB = 0.9 and
0.65 ≤ αWW ≤ 1.0 (open red circles), along with their con-
fidence limits, compared with the Gaussian approximation
(continuous line) as well as with the slopes of the straight
lines in Fig. 3 (open magenta squares).
sion. Also, one can see that once a disk has undergone
a collision with one of its colored sides, the probability
that it will collide with the opposite side (different color)
is greater than the one that it will do it with the same
side. This is due to the fact that such probability of col-
lision is proportional to the relative velocities and these
vectors are directed with more probability to the side
opposite to the one the collision took place with.
F
ra
ct
io
n
of
co
ll
is
io
n
s
-0,4 -0,3 -0,2 -0,1 0 0,10,23
0,24
0,25
0,26
0,27
αWW − αBB
αBB = 0.98
αBB = 0.95
αBB = 0.90
FIG. 5. Values of the fraction of collisions of each type vs the
difference αWW − αBB . Note the collapse into a single curve
for varying values of αBB . The curve with increasing slope
corresponds to that of WW type.
If we measure time by collisions per particle, at any
temporal point we can consider the particles that have
collided either with one side (color) or with the other
and investigate two aditional “temperatures”, TW and
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FIG. 6. Values of the temperatures of each type vs the number
of collisions per particle and in a range of these between 0 and
20 for an easy visualization of the difference, for αWW = 0.65
and αBB = 0.98. Note the appearance of three “tempera-
tures” in this case. In the inset, corresponding value of the
ratio TW /TB between the temperatures of each kind as a func-
tion of the number of collisions per particle. As pointed out
in the text, this value is a constant.
TB , each one corresponding to one color. In Fig. 6 it can
be immediately seen that the particles that have collided
with the black side have a greater temperature than those
that have collided with the white side. This is not sur-
prising since the white side has a coefficient of restitution
αW < αB . On the other hand, we also find that the ratio
between both temperatures TW and TB is a constant (cf.
inset in Fig. 6) and that it depends only on the difference
αWW − αBB (cf. Fig. 7).
T
W
/T
B
-0,5 -0,4 -0,3 -0,2 -0,1 0 0,1
0,9
0,95
1
1,05
1,1
αWW − αBB
αBB = 0.90
αBB = 0.98
FIG. 7. Value of the ratio between the temperatures of each
kind as a function of the difference αWW − αBB . Note again
the collapse of the curves.
The velocity distribution functions corresponding to
αBB = 0.9 are shown in Fig. 8. To a good approximation,
they may be taken as Gaussian distributions. Also, the
tails of the scaled distributions are displayed in Fig. 9. All
these curves are similar to the ones obtained in isotropic
granular media [29, 30].
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FIG. 8. Velocity distribution functions (top panel) and their
logarithm (bottom panel) for αWW = 0.9 and 0.65 ≤ αBB ≤
1.0. The continuous line is the Maxwell-Boltzmann distribu-
tion.
We further analyzed the cooling rates corresponding
to the different types of collisions: single-color (WW and
BB) or two-color (WB). These have been measured di-
rectly from the dissipated energy at given time intervals
for αBB = 0.9 and αBB = 0.98 and varying αWW be-
tween 0.65 and 1.0. The results are displayed in Fig. 10;
note that the top panel of this figure corresponds to the
data reported in Fig. 4.
We have also measured the kurtosis of the different
types of collisions for the same collection of values of the
parameters αWW and αBB . We observe that the results
we obtain are also close to the Gaussian distribution, as
shown in Fig. 11. Again, the results in Figs. 10 and 11
are found to be qualitatively similar to those reported in
[29, 30].
Once the existence of a difference between the fraction
of collisions of each type, the cooling rates and the tem-
peratures has been noticed, the next natural step is to
6lo
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FIG. 9. Tails of the velocity distribution functions divided by
the Gaussian distribution for αWW = 0.9 and 0.65 ≤ αBB ≤
1.0.
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FIG. 10. Values of the cooling rates considering the three
types of collisions, WW , BB and WB, for αBB = 0.9 (top
panel) and αBB = 0.98 (bottom panel) and for 0.65 ≤
αWW ≤ 1.0; the straight lines correspond to the Gaussian ap-
proximation for equal fractions of collisions. Curves for BB
collisions are flat since αBB is kept fixed in the simulations.
consider the precollisional correlations. The idea behind
this analysis is to investigate whether the consideration of
〈v
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FIG. 11. Values of the kurtosis for the collision types WW
and BB. The X axis refers to varying values of either αWW
or αBB , when fixing the other. The top panel refers to the
kurtosis when αWW = 0.9 and αBB ranges from 0.6 to 1
(green circles) and when αBB = 0.9 and αWW ranges from 0.6
to 1 (green squares). The same applies to the bottom panel,
where each coefficient of restitution, when fixed, is 0.98.
anisotropic disks may produce an effect on the dynamics
of the collisions. We have measured the precollisional cor-
relations for the three kinds of collision and taken as the
reference system the one of colored but elastic disks. To
that end, a numeric label, 1, 2, 3 or 4, is assigned to each
disk after it collides, to account for the sides at contact.
This label is checked against the value it had prior to col-
lision, where we had made a distinction between the four
possible types. We have found that there seems not to be
a big effect as the values of the inelasticities are varied. In
fact, there is only a small precollisional correlation of the
colliding colors related to them, as shown in Fig. 12. In
this figure, we have represented the conditional probabil-
ities of having a WW collision provided that the previous
collision was of one of the four alternatives. Similar re-
sults are obtained for the other combinations, as reported
in Tables I-III of the Appendix, where each entry in the
“C.Prob.” columns provides conditional probability as
the fraction of the corresponding collisions (for instance,
when the collision is of the type WW (1) and previously
it has been of the type WW (1), WB (2), BB (3) or BW
7(4), and similarly for all suitable combinations).
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FIG. 12. Values of the conditional probabilities for the parti-
cles that, having experienced a collision of a given type (WW ,
WB, BB or BW ) will later undergo a WW collision. Here,
the coefficients of restitutions are αBB = 0.9, 0.98 and 1,
whereas 0.65 ≤ αWW ≤ 1.0. The lines refer to the elastic
systems.
V. CONCLUDING REMARKS
In this paper we have addressed a system of inelastic
Janus-like disks by means of extensive numerical exper-
iments. In particular we have measured different statis-
tical quantities, namely, temperature evolution, velocity
distribution functions, kurtosis and precollisional correla-
tions. We find that for this system a HCS also arises even
in the presence of correlations. In particular, a Haff’s
law is obeyed by the temperature irrespective of the fact
that the molecular chaos assumption does not hold here.
As far as we are aware, this is the first time that such
a system, along with some of its features, has been re-
ported. This opens new avenues for research including,
for instance, stationary states sustained by injection of
energy, rough disks and the analysis of problems like seg-
regation [34, 35], memory effects [24, 26, 36–38] and shear
states [14, 39]. Of particular interest are the studies of
the clustering formation processes and the phase transi-
tions that may arise as the density is increased. We plan
to examine some of these problems in the near future.
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APPENDIX
For completeness, we assemble in this appendix the
conditional probabilities of a collision of type 1, 2, 3 or 4,
provided that the preceding collision was of one of these
four types, for different values of αBB and αWW .
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TABLE II. Precollisional correlations for αBB=0.9 and 0.98
and for αWW = 0.8, 0.85 and 0.9.
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9TABLE III. Precollisional correlations for αBB=0.9 and 0.98
and for αWW = 0.92, 0.95 and 1.
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2 → 1 0.1819 2 → 1 0.1809
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